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Abstract

Brain-computer interfaces (BCIs) allow direct com-
munication between the brain and external devices,
frequently using electroencephalography (EEG) to
record neural activity. Dimensionality reduction and
structured regularization are essential for effectively
classifying task-related brain signals, including event-
related potentials (ERPs) and motor imagery (MI)
rhythms. Current tensor-based approaches, such as
Tucker and PARAFAC decompositions, often lack
the flexibility needed to fully capture the complex-
ity of EEG data. This study introduces Block-
Term Tensor Discriminant Analysis (BTTDA): a
novel tensor-based and supervised feature extraction
method designed to enhance classification accuracy
by providing flexible multilinear dimensionality re-
duction. Extending Higher Order Discriminant Anal-
ysis (HODA), BTTDA uses a novel and interpretable
forward model for HODA combined with a defla-
tion scheme to iteratively extract discriminant block
terms, improving feature representation for classifi-
cation. BTTDA and a sum-of-rank-1-terms variant
PARAFACDA were evaluated on publicly available
ERP (second-order tensors) and MI (third-order ten-
sors) EEG datasets from the MOABB benchmarking

framework. Benchmarking revealed that BTTDA
and PARAFACDA significantly outperform the tra-
ditional HODA method in ERP decoding, resulting in
state-of-the art performance (ROC-AUC=91.25%).
For MI, decoding results of HODA, BTTDA and
PARAFACDA were subpar, but BTTDA still sig-
nificantly outperformed HODA (64.52%>61.00%).
The block-term structure of BTTDA enables inter-
pretable and more efficient dimensionality reduction
without compromising discriminative power. This
offers a promising and adaptable approach for feature
extraction in BCI and broader neuroimaging applica-
tions.

Keywords tensor discriminant analysis, brain-
computer interface, block-term decomposition, mul-
tilinear decoding, event-related potentials, motor im-

agery

1 Introduction

Brain-computer interfaces (BCIs) have the potential
to bypass defective neural pathways by providing
an alternative communication channel between the
brain and an external device. These interfaces find



applications in the development of neuroprosthet-
ics, assistive technologies and rehabilitation [1]. To
achieve their functionality, BCIs record and process
neural data, with electroencephalography (EEG) the
most popular recording method in the field.

A BCI usually operates by identifying specific,
task-related activity in the recorded EEG data,
which can then be coupled to output or actions.
This methodology often gives rise to classifica-
tion problems [2]. Some well-known examples in-
clude the P300 speller [3], where momentary vi-
sual stimuli evoke characteristic event-related po-
tentials (ERPs) modulated by attention, and mo-
tor imagery (MI) [4], where different (imagined)
limb movements evoke event-related synchroniza-
tions/desynchronizations (ERS/Ds) with different
spatial patterns. As a consequence BCI decoding
(ERP vs. non-attended ERP, left vs. right limb MI,
..) involves a calibration phase training a classifier
on labeled EEG data and an operation phase where
the trained classifier is applied to unseen EEG data.

The duration of the calibration session should ide-
ally be minimized to enhance user experience. This
results in small, subject- and session-specific train-
ing datasets which make BCI classification methods
vulnerable to overfitting in the presence of high-
dimensional data. One possible countermeasure is
applying a dimensionality reduction technique which
extracts a lower-dimensional set features relevant to
the classification problem at hand.

1.1 Tensors & tensor methods

Because of the multichannel time series format of
EEG and other BCI functional neuroimaging meth-
ods, recorded data naturally exist as multiway data,
capturing information in both the spatial and the
temporal domain. Preprocessing transformations
can further expand the data into additional analytic
domains. Common examples include time-frequency
transformation, time-binning, or integrating informa-
tion across multiple subjects or conditions. This in
turn results in high-dimensional datasets which are
usually flattened into a set of sample vectors, strip-
ping the original data of its structure. A more suited
approach relies on this intrinsic multiway structure

of neural data [5] to represent the data as tensors,
multiway arrays, with each domain corresponding to
a tensor mode. Tensors provide a structured data
representation for this highly dimensional multiway
data. This in turn paves the way to the development
of tensor methods which can counteract some of the
drawbacks of the dimensionality problem. Tensor
methods are machine learning or dimensionality re-
duction techniques that consider each tensor mode
separately, reducing a given problem into partial, per-
mode problems.

Tensor methods often decompose tensors into a
lower dimensional structure of a core tensor and
factor tensors. The most common approaches adhere
to either the Tucker structure or the PARAFAC
structure. A Tucker decomposition reduces an input
tensor of order K with dimensions (D1, Ds, ..., Dk)
to a dense tensor with dimensions (R1, Rs, ..., Rk),
with Ry < Dy for k =1,2,... K, using a set of per-
mode factor matrices. Effective unsupervised tensor
decomposition and approximation in the Tucker for-
mat can be achieved using the Higher Order Singular
Value Decomposition (HOSVD) [6| |7]. Alternatively,
the Parallel Factor Analysis (PARAFAC) structure
can be used. Here, the tensor is decomposed into a
sum of rank-1 tensors, each the product of a scalar
and a vector per mode. This is equivalent to a Tucker
structured decomposition with all core elements off
the hyperdiagonal set to 0, as shown in fig.
One way of obtaining an unsupervised PARAFAC
decomposition is through the Canonical Polyadic
Decomposition |8} 9]. These decomposition methods
can be regarded as feature extraction methods for a
BCI classification problem, with the flattened core
tensors as feature vectors. Extracted features can
subsequently be classified to predict class labels, most
commonly using linear discriminant analysis (LDA)
or a support vector machine (SVM).

While commonly used, these Tucker or PARAFAC
structures might still not be able to efficiently rep-
resent relevant neural information in a compressed
format. The block-term tensor structure is a gener-
alization of both the Tucker and PARAFAC struc-
tures. It represents the tensor as a sum of Tucker
structured terms. If the number of terms is equal
to 1, it is equivalent to the Tucker structure; if the
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Figure 1: A tensor decomposition finds core tensor and factor matrices from input tensor. This core tensor can have several
structures. In the Tucker structure, the core is a dense tensor G. The PARAFAC structure expresses the core as a sum of B
rank-1 terms, each with a scalar core g(b). The block-term structure expresses the core as a sum of B smaller, Tucker-structured
blocks Q(b). Both the PARAFAC and block-term structures are more sparse than the full Tucker structure, yet the block-term
structure is more flexible as it allows blocks of variable tensor dimensionality instead of fixed rank-1 terms.

dimensions of each term are equal to 1, it is equiv-
alent to the PARAFAC structure. The block-term
structure (fig. [1} right) is more flexible than either
the Tucker or the PARAFAC structures, since it is
not constrained to solutions that must be expressed
as either one of these structures and their chosen
hyperparameters. Due to its flexibility, the block-
term structure can strike a better balance between
extracting a maximal amount of relevant features and
a minimal amount of irrelevant features. However,
this increased flexibility comes at the cost of a higher
number of hyperparameters, as now both the number
of terms and the dimension of each term need to
be specified. A block-term structured core tensor
can be obtained in an unsupervised way using the
Block-Term Decomposition (BTD) |10} |11} |12} [13].
Performance of methods leveraging either the Tucker
and PARAFAC structures are heavily dependent on
the prior choice of hyperparameters describing the

desired reduced dimension or the number of rank-1
terms.

1.2 Supervised tensor decompositions
for BCI

If the decompositions are not full rank, the Tucker,
PARAFAC and block-term structures are not unique
and can be obtained by optimizing different crite-
ria. Given the low signal-to-noise ratio and specific,
task-related output expected in a BCI application,
supervised feature extraction and machine learning
techniques are favored [2| over the unsupervised de-
composition methods presented above. A decompo-
sition that is helpful for classification should ideally
optimize the discriminability between classes in the
resulting core tensors, which can then be considered
as extracted features. In this philosophy, the Tucker
decomposition can also be obtained using Higher



Order Discriminant Analysis (HODA) |14l (15, [16],
which optimizes class separability in the Fisher sense,
analogous to linear discriminant analysis.

Variants of HODA have been applied to BCI
problems such as the decoding of ERPs [17, |18]
and MI |19, [20] with positive results |2]. Recent
work proposes optimization of the objective function
and introduces regularization |21} [22| [23]. Discrim-
inant tensor features have also been extracted in
the PARAFAC structure through manifold optimiza-
tion |16]. However, it is not immediately obvious if
either the Tucker or PARAFAC structure are most
suited to represent the neural data of interest for the
BCI paradigm and for decoding.

More recent studies have shown that supervised
decoders adopting a more flexible structure can im-
prove BCI performance. Promising results have been
achieved for regression tasks using Higher Order Par-
tial Least Squares (HOPLS) |24} |25] and Block-Term
Tensor Regression (BTTR) |26, |27]. BTTR has also
been adapted into the classification variant Block-
Term Tensor Classification (BTTC) [28] but this
methodology leaves room for improvement: instead
of optimizing features directly for class separability,
BTTC regresses to dummy 2-valued independent
variable. Thus, the method cannot be extended
to a multi-class setting. Furthermore, structures
employed in these regression approaches could still
be considered as relatively constrained in compar-
ison. A more flexible approach could rely on a
full block-term tensor decomposition of the input
data which optimizes discriminability and relies on
a low-rank common subspace between the input and
classification labels. Huang et al. [29] propose a
supervised approach for finding multiple discriminant
multilinear spectral filter terms and apply it to motor
imagery BCI, but their decomposition is also limited
in flexibility, since the solution is restricted to terms
with dimension (R1, Rg,1), with mode 3 correspond-
ing to the frequency domain.

1.3 Contribution: A Dblock-term
structured model for classification

With a proper choice of reduced dimension and num-
ber of terms, a block-term decomposition directly

optimizing discriminability might be more suited to
represent complex neural data in a sparse way, which
additionally yields a regularization effect. Multiple
parsimonious discriminant block terms with lower
dimensions might yield better performance than a
single HODA block requiring a higher dimension to
capture discriminant information, and by doing so
extracts too many irrelevant features. A complemen-
tary view on the same approach goes as follows: if
HODA with a well-chosen reduced dimension extracts
some discriminant features from the input tensor, it
is likely that it does not retrieve all useful informa-
tion due to the restrictions imposed by its Tucker
structure. Could HODA therefore not sequentially
be applied to extract discriminant Tucker structured
terms — potentially with lower dimension — as long as
decoding performance increases?

We implement this idea as a novel supervised
feature extraction method titled Block-Term Tensor
Discriminant Analysis (BTTDA), a generalization
of the aforementioned HODA algorithm. BTTDA
extracts discriminant features while adhering to a
flexible and efficient block-term tensor structure.
This work features the following contributions: 1) We
develop a forward model for HODA to recon-
struct a given input tensor from the extracted fea-
tures. 2) This allows us to introduce BTTDA as a
state-of-the-art BCI feature extraction method based
on the block-term tensor structure. 3) We evaluate
a BCI decoder based on BTTDA and its special
PARAFAC-structured case on decoding benchmarks
for both ERP and MI BCI paradigms and compare
these to state-of-the-art decoders.

2 Methods

2.1 Notation

Tensors are indicated by bold underlined letters X,
matrices by bold letters U, fixed scalars by uppercase
letters K, and variable scalars as lowercase letters k.
The n*" sample of a tensor dataset with N samples
is written as X(n), the dataset itself as {X(n)}g A
tensor X € RP1xD2xxDxk can he unfolded in mode
k to a matrix Xj, € ROs T D), by concatenating
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Figure 2: A visualization of the multilinear projection obtained
by Higher Order Discriminant Analysis (HODA) applied to
a third-order tensor sample X with dimensions (D1, D2, D3).
HODA finds projection matrices Uy such that maximal dis-
criminability between classes is achieved in the projected latent
tensors G with reduced dimension (R1, Rz, R3).

all mode j # k fibers. The tensor-matrix product
of tensor X with matrix U along a given mode k is
written as X X Ug. For ease of notation, let X x
{U} = X x1 Uy x3 Uy xg Ug. When skipping
one of the modes k, this is written as X x_; {U} =
Xx1 Uy xaUg -+ X1 Up—1 Xpy1 Upp1 ... xg Ug.
A ® B indicates the Kronecker product of matrices
A and B.

2.2 Higher Order Discriminant Anal-
ysis

Higher Order Discriminant Analysis (HODA) [15]
is a supervised, tensor-based dimensionality reduc-
tion and feature extraction technique. For a set of
N tensors of order K {X(n) € RDlXD?X'“XDK}g,
HODA finds projection matrices Uy for each mode
k which project a given X to a latent tensor G €
RELx B2 X Br ysually with lower dimensions (R; <
Di,Ry < D»,...,Rx < Dg) using tensor-matrix
mode products:

G=Xx{U} (1)

as visualized in fig. Since HODA extracts latent
features or properties G from the observed data X,

relying on a task-related criterion, it can be referred
to as a backward model.

Analogous to the HOSVD, HODA decomposition
results in a dense latent tensor G and imposes an or-
thogonality constraint on each Uy to ensure unique-
ness. However, while HOSVD projection matrices
minimize the reconstruction error, HODA optimizes
the class discriminability of the reduced tensors G(n)
belonging to classes with labels ¢,,. This is a desirable
property in a classification setting where samples are
high-dimensional tensors.

HODA optimizes discriminability in the Fisher
sense, maximizing the Fisher ratio ¢ between the
latent tensors G(n):

SN,
> [Gn) -

G(o) - G|

- 5 (2)
G(en)[5

G(c) is the

¢({U}) =

for C classes with each N, samples.
mean of latent tensors of class ¢, and G the mean
of these class mean latent tensors. If the dimensions
(R1, Ra, ..., Ry) are set a priori, the objective is now
to find the optimal projection matrices:

{U} = ar%gl}aX¢ {U}) (3)

which is solved through the backward HODA algo-
rithm. To start, U are initialized to orthogonal
matrices, e.g., as random orthonormal matrices, by
a per-mode singular value decomposition (SVD), or
as the partial HOSVD of all stacked tensors in the
dataset. At each iteration, the algorithm loops
through the modes and fixes all projections but Uy
corresponding to mode k. It then finds a partial
latent tensor:

G_, =X x_;{U} (4)
Subsequently, a new projection matrix Vj can be
found analogous to Linear Discriminant Analysis by
constructing the partial within-class scatter matrix:



with G_,(n) = G_,(n) — G_,(cn), and the partial
between-class scatter matrix:
c ~ ~
S_kb= ZNCG—k,k(C) : GT_k,k(C) (6)
with éfk(c) = G_,(c) — G_,, and solving for the
Ry, leading eigenvectors in the eigenvalue problem:

S_kb— PES_kw = VLAV] (1)

with ¢ = Tr (UJS_; b, Uy) / Tr (U]S_j wUy) using
the Uy obtained in the previous iteration. Finally,
the orthogonal transformation invariant projections
U} are obtained by calculating the per-mode total
scatter matrices:

N
Sk =Y Xi(n) XL(n)

and finding the Ry leading eigenvectors of:

Vi VIS, ViV] = U,AU]

(8)

9)

at each iteration [30]. The iterative process halts
when the update of each Uy, is lower than a predeter-
mined threshold € or after a fixed number of iterations
Inax. The full HODA procedure is summarized in
algorithm

To apply HODA in a classification setting, the
projections are first learned on a training dataset
with known class labels. Next, these projections are
used to extract latent tensors from the tensors in the
training dataset. These latent training tensors are
then reshaped (vectorized) into feature vectors g =
vec(G) and used to train a decision classifier with the
corresponding class labels. At the evaluation stage,
the projections learned from the training dataset are
used to extract latent tensors from an unseen test
dataset with unknown class labels, which can also
be vectorized and passed on to the trained decision
classifier.

To avoid overfitting and improve performance in
low sample size settings, the HODA problem can
be regularized by shrinking the partial within-class
scatter matrices [15] with a shrinkage factor ay at
each step such that the eigenvalue problem becomes

SI™™ — o[(1— ar) S_pw + o]l

= VLAV (10)

Algorithm 1 The HODA backward solution.

Require: {X(n)}N {c,}N (Ry,...,RK), 1

max» €

1: U + orthonormal matrix € RD KXk /L

2: Sk,t — Zn Xk( ) k( ) vk

31+ 1

4: repeat

5: for k=1,2...,K do

6: Q()k<—X()>< {U} Vn

7: S_kw Z ko (12) - Gtm( n)

8: S—k,b — Zc NCG_;C’;C(C) . leyk(c)

9: Pk Tr (UZS—kbUk) /TI‘ (U;S_kWUk)

10: V. < largest magnitude Ry
eigenvectors of S_j , — VS _k w

11: U} < largest magnitude Ry
eigenvectors of V, V]S, (V, V]

12: end for

13: 1—1+1

14: until i = Loy or [[UY — UV < € VE

As in Linear Discriminant Analysis, the shrinkage
parameter «aj can also be estimated in a data-driven
way in HODA [22], e.g., using the Ledoit-Wolf pro-
cedure [31] at every iteration.

2.3 A forward model for HODA

As a prerequisite to the proposed BTTDA model,
we must find a way to reconstruct the original data
tensor X as accurately as possible from G after
dimensionality reduction. This requires a forward
model, a generative model that expresses the ob-
served data in terms of given latent properties or
features. As indicated earlier, finding the optimal
projection matrices U that extract tensors G given
input data X as in eq. corresponds to fitting
a backward HODA model. A forward model is
a method to reconstruct the original data X from
the core tensor G. Forward models are useful for,
e.g., interpretability and data compression, but here
reconstruction with minimized reconstruction error is
of interest.

A straightforward and computationally efficient
candidate for the HODA forward model, visualized



in fig. [3] is given as:
X=Gx{AT}+E=X+E

DpxR
c RV« k7

(11)

with activation patterns Ay recon-
structed tensor X, and error term E.

A good forward model should ensure that the norm
of the reconstruction error |E|  is minimized. In
other words, variation captured in the latent tensor
should be maximally captured by the reconstruction
term X = G x {AT}, and not by the error term
E |32]. Hence, we aim to minimize the expected value
of the cross-covariance between the noise term and
the extracted latent tensors:

{A"} = argmin E [vec (E(n)) vec (G(n))],,  (12)
{A}
or, equivalently [33}32],
N 2
(A"} = arguin Z [X(n) - X(n)} (13)
= argmlnz (n) x {A}* (14)

This least-squares tensor approximation problem can
be solved using the Alternating Least Squares al-

gorithm [34], iteratively fixing all but one of the
activation patterns such that:
N
A= argmmz [Xi(n) — Ay (G(n) x_x {A}),)?

Ay

(15)
at every iteration, which can be solved directly using
ordinary least squares. The activation patterns are
initialized to the weights {U} of the backward model.
Similar to fitting the backward model, the iterative
process for the forward model halts after a fixed
number of iterations I,.x or when the update of
each Ay is lower than a predetermined threshold e.
The full procedure to determine the HODA forward
projection is listed in algorithm

2.4 Block-Term Tensor Discriminant
Analysis

After defining the forward model, we can construct
the proposed block-term tensor model. Assuming the

Algorithm 2 The HODA forward solution.

Require: {G(n)}Y, {X(n)}2, Imax, €

1: A+ U, Vk

2: 14+ 1

3: repeat

4: for k=1,2...,K do

5 X_k(n) « G(n) x_ {A} Vn

6: A} < argming, Zg [Xp(n) — ApX_
7: end for
8
9

k(n))?

11+ 1

- until i = Loy or ||AY — AUV < e Vi

latent tensors G obtained by the backward projection
of HODA do not achieve perfect class separation, the
error term E in eq. contains some discriminative
information. This, in turn, can be exploited to
improve classifier performance Useful features can
then be extracted from E = X — X by further
projecting it onto another core tensor G( ) , assuming
G as g OR

We thus extend the HODA feature extraction
scheme to Block-Term Tensor Discriminant Analy-
sis (BTTDA). BTTDA finds multiple discriminative
blocks, such that its forward model adheres to the
block-term tensor structure:

_N"g® ®)
Zb: x{A }+E

(16)

for B extracted latent tensors Q(b) and residual
error term E. The BTTDA model is further illus-
trated by fig. @l The block-term structure of this
model implies that it is a generalization of both the
Tucker-structured HODA and PARAFAC-structured
discriminant feature extraction. If B in eq. is
set to one, BTTDA is equivalent to HODA; if at
each term b the dimension of the core tensor are
R = RY = ... = R = 1), a PARAFAC
structure is assumed and the resulting discriminant
model is titled PARAFAC Discriminant Analysis
(PARAFACDA).

Since BTTDA is specified above as a forward
model, a backward procedure is required which finds
the latent tensors g“’) given X to BTTDA for feature
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Figure 3: The forward projection for HODA. By calculating activation patterns Ay, the original tensor X can approximately
be reconstructed from projected latent tensor G. The reconstruction is accurate up to an error term E. Ay are chosen such
that the variability captured in the latent tensor is maximally explained by the reconstructed tensor X and not by the error

term E.

extraction. The extracted features represented by
the latent tensors G can be computed through a

deflation scheme summarized in algorithm For
Algorithm 3 BTTDA feature extraction.
Require: {X(n)}Y {c,}N, {(Rgb), Réb), ey Rgg))}bB

1: E(n) + X(n) Vn

2: forb=1,2,...,B do

3: {U®} « nopa on {E(n)}Y and {c,}V
with rank (R\"”, R, ... RY)

4: GO (n) « E(n) x {U®} vn,

5: {A®} « Forward HODA on {G® (n)}N
and E

6:  En)«— GOPn) x {ATO} vp

7: E(n) « E(n) — E(n)Vn

8: end for

each block b, the latent tensor is extracted using the
HODA backward projection from the residual error
term of the previous block E(b_l) as in eq. :

c® = gt x {Uw)} (17)
This residual error term is calculated by finding

the difference between the previous error and its
reconstruction after backward and forward HODA

projection:
E® — g0~V _g

G TOR {Ar(b)}

with E© = X.

The resulting latent tensors can be vectorized and
concatenated into one single feature vector per input
tensor:

o= e () e (6) - e (67)] )

so that they can be classified in a similar manner to
HODA.

2.5 Model and feature selection

Similar to the unsupervised BTD, the performance
of BTTDA is heavily dependent on the number
of blocks B and their corresponding dimensions
{(Rgb),Réb)7...,R§g))}bB. If these are not known
a priori or can not set based on insights into the
data generation process, a model selection step is
necessary in order to determine the optimal values
for R,(Cb) and B. These hyperparameters can be
set through cross-validated hyperparameter tuning,
although computationally expensive.
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Figure 4: A forward model for Block-Term Tensor Discriminant Analysis (BTTDA). BTTDA can extract more features than
HODA by iteratively finding a latent tensor G®) in a deflation scheme. The HODA backward projection is first applied. Next,
the input data is reconstructed via the HODA forward model and the difference between the two is found. Finally, this process
is repeated with this difference as input data, until a desired number of blocks B has been found.

To reduce the hyperparameter search space, we
introduce a single hyperparameter § € [0, 1] which re-
places the block dimensions {(Rgb), R(b) . R(b )}B.
The new hyperparameter 6 then controls the sparsity
of the BTTDA solution, with § = 0 corresponding to
the PARAFACDA model with blocks of dimension
(1,1,...,1), and € = 1 corresponding to blocks of full
rank (Dq, Ds, ..., Dk). For 0 < 6 < 1, the dimension
of block b can be determined analogous to the method
described by Phan and Cichocki [15]. Here, Ry, are
chosen based on the number of components needed
to explain a certain proportion of the variability in a
mode of the input data for a Tucker-structured de-
composition. For the HODA model used in BTTDA,
this can be achieved using the eigenvalues of the per-
mode total scatter matrix of tensor E(bfl)

b b Rb— b) A (b b
(21)
such that
/\(b)
ngb) = argmln ZT > 0 (22)

Dy ZDk A(b

Finally, HODA, and by extension BTTDA, can
extract a substantial amount of redundant features.

Rel,.

These should be dropped after projection and before
proceeding to the classification step [15]. In BTTDA
in particular, redundant features can accumulate over
the number of blocks, hampering performance. Fur-
thermore, discriminant features across blocks can be
heavily correlated since all blocks are independently
optimizing the same discriminability criterion.

To tackle these issues, extracted features are first
decorrelated and scaled using a whitening principle
components analysis (PCA) transformation, retain-
ing all principal components. Relevant PCA compo-
nents can be identified by calculating the univariate
Fisher score ¢(i) for each component ¢ after PCA,
calculated as

S9N, [gic) — 3]
SN gi(n) — gi(ea))

(i) = (23)

Only features where ¢(i) > 1, i.e., between-class
variance is greater than within-class variance, are
retained. If there are no extracted features with
@(i) > 1, only the feature with the highest ¢(i) is
retained.



3 Experiments

3.1 Datasets and decoders

We evaluated our proposed model in two offline
EEG-based BCI decoding problems: the event-
related potential (ERP) and motor imagery (MI)
paradigms using the openly available Mother of
All BCI Benchmarks (MOABB) datasets (version
1.2.0) |35]. MOABB is widely accepted as a suit-
able benchmark for decoders aimed at classical BCI
problems, allowing fair comparison of machine learn-
ing classifiers independent from data preprocessing.
Details about these datasets are found in table [Bl
The ERP decoding task focuses on distinguishing
target from non-target ERPs, while the MI tasks
consists of distinguishing different imagined or per-
formed limb movements. Within-session classifica-
tion performance was assessed using stratified 5-
fold cross-validation. Performance was calculated as
the area under the receiver operating characteristic
curve (ROC-AUC) for binary classification problems
and accuracy for multi-class problems, in line with
MOABB benchmarking framework. Average perfor-
mance scores are balanced over dataset by taking the
mean of the per-dataset average performance scores.

To use HODA, BTTDA, and PARAFACDA as
a decoder, they are paired with LDA to clas-
sify the extracted features (HODA-+LDA). Hyper-
parameters candidates § € {0,0.1,0.2,...1} for all
three decoders and b € {1,2...,16} in the case
PARAFACDA+LDA and BTTDA+LDA were tuned
each evaluation fold using nested, stratified 5-fold
cross-validation. ~ Other HODA hyperparameters
were set to € = 1 x 1076 and I, = 128.

Differences in classification score between these
proposed decoders were statistically verified using
one-sided Wilcoxon rank-sum tests performed per
dataset and decoder pair on the cross-validated scores
per subject and session. Following the MOABB
evaluation framework, meta-analyses for all ERP and
MI datasets respectively were performed using the
Stouffer method and effect size was determined as
the standardized mean difference (SMD) between
classification scores.

As additional comparison with other commonly
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used decoders, we selected a subset of the decoders
evaluated by Chevallier et al. [36]. These decoders
have been thoroughly evaluated on the MOABB
benchmark to identify them as generally accepted
state-of-the-art methods. For the ERP task, these
included the Riemannian Geometry-based classifiers
ERPCov+MDM, ERPCovSVD-+MDM, XDAWN-
Cov+MDM, XDAWNCov+TS+SVM and the lin-
ear classifier. For the MI task, the comparison
methods were selected from Riemannian methods
ACM+TS+SVM, FgMDM, TS+EL, and the deep
learning classifiers EEGTCNet and ShallowConvNet.
We refer to Chevallier et al. [36] for the description,
implementation details and references of these meth-
ods.

3.2 Event-Related Potentials

ERPs are spatiotemporal features, with each sample
forming a second-order tensor with K = 2 modes
(a matrix), representing EEG channels and time
samples per epoch.

The ERP datasets listed in table [BI] are first pro-
cessed according to the MOABB framework. EEG
signals were recorded at the sample rate given by
table and band-pass filtered between 1 Hz and 24
Hz. The signals were cut into epochs starting from
stimulus onset with a dataset-specific length given by
table For HODA+LDA, PARAFACDA+LDA,
and BTTDA+LDA decoders, epochs were further
downsampled to 48 Hz.

When considering grand average ROC-AUC over
all evaluated ERP datasets as reported in ta-
ble [1} the full BTTDA+LDA model (avg. ROC-
AUC: 91.2546.77%) outperforms PARAFAC+LDA
(90.94+£6.90%), and both in turn outperform
HODA+LDA (88.89+7.04%). The meta-analysis
shown in fig. revealed the following significant
effects: BTTDA+LDA > HODA+LDA (p =
5.65 x 10755, SMD=1.17), PARAFACDA +LDA >
HODA-+LDA (p = 2.47 x 10758, SMD=1.06), and
BTTDA+LDA > PARAFAC+LDA (p = 4.90 x
1071, SMD=0.50). Both BTTDA+LDA and
PARAFACDA+LDA always significantly outperform
HODA+LDA. BTTDA+LDA significantly outper-
forms PARAFACDA+LDA in 9 out of 14 datasets.
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Figure 5: Meta-analysis of decoder classification performance comparisons per dataset. Analyses were performed on ROC-
AUC score for ERP datasets (top) and accuracy for MI datasets (bottom). For the evaluated ERP datasets, BTTDA always
outperforms HODA. BTTDA outperforms HODA for 3 out of 5 MI datasets. * * *: p < 0.001; **: p < 0.01, *: p < 0.05.

Significance and effect sizes for all evaluated ERP
datasets are reported in table [C2

Compared to the state-of-the-art XDAWN-
Cov+TS+SVM  decoder, BTTDA+LDA scores
better in 8 out of 14 datasets, combined with a
moderate increase in grand average ROC-AUC
(91.25 > 90.82).

Full cross-validation results can be retrieved from
additional file item

3.3 Motor Imagery

For MI, discriminatory information is encoded in the
EEG data as ERS/Ds. Contrary to the time-domain
analyses performed on ERPs; ERS/Ds are discerned
in the power expressed in the time-frequency domain.
For the MI task, we transform the EEG signal
into the time-frequency domain, forming third-order
tensors, with K = 3 modes respectively representing
channels, frequencies, and time bins.

To achieve this, the EEG signals in the MI datasets
listed in table [BI] are first processed using the
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MOABB motor imagery pipeline. EEG signals were
recorded at the sample rate given by table and
band-pass filtered between 8 Hz and 32 Hz. The
signals were then cut into epochs starting from stim-
ulus onset with a dataset-specific length given by
table Custom postprocessing to convert epochs
to third-order tensors extracted the magnitude of the
complex Morlet-wavelet transform with 17 logarith-
mically spaced frequencies from 8 Hz to 32 Hz and
a varying number of cycles logarithmically spaced
from 4 to 16. Finally, the magnitude envelope was
downsampled to 32 Hz using an anti-aliasing filter
and decimation.

In line with the MOABB method, only the first
three classes per dataset were used. When consid-
ering grand average classification accuracies over all
evaluated MI datasets as reported in table [2] the
full BTTDA+LDA model (avg. accuracy: 64.52 +
12.23%) outperforms PARAFACDA-+LDA (58.89 +
11.27%) and HODA+LDA (61.00 &+ 11.11%). The
meta-analysis shown in fig. |p| revealed the following
significant effects: BTTDA+LDA > HODA+LDA
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(p = 6.20 x 1075, SMD=0.75), BTTDA+LDA
PARAFAC+LDA (p = 4.00 x 1075, SMD=1.48).

BTTDA+LDA outperforms HODA+LDA exgela‘pgg,,

for datasets Zhou2016 and AlexandreMotorImagéry.

PARAFACDA +LDA outperforms HODA +LDAZfors4

dataset Schirrmeister2017. BTTDA-+LDA out-

performs PARAFACDA-+LDA except for datasefss3

Zhou2016 and AlexandreMotorImagery. Significance
and effect sizes for all evaluated MI datasets are
reported in table [C3]

All of HODA+LDA (avg. accuracy 61.00 £+ 11.11)
and our proposed decoders PARAFACDA+LDA
(58.89 £+ 11.27) and BTTDA+LDA (64.52 + 12.23)
score substantially lower than state-of-the-art de-
coder ACM+TS+SVM (75.77 £ 11.12).

Full cross-validation results can be retrieved from
additional file item 2l

3.4 Impact of block dimension and
number of blocks

To analyze the contribution of extra feature blocks
extracted by BTTDA over the first one found by
HODA, we perform the following analyses on ERP
dataset BNCI2014-008 chosen for its minimal com-
putational requirements. We investigated cross-
validated within-session ROC-AUC scores as function
of the number of blocks (b) and hyperparameter 6,
shown in fig. [6] (left) averaged over all subjects. b
was varied from 1 to 16, while # was chosen from
{0.0,0.1,0.2,...,1.0}. Full results are presented in
additional file item [3] Below, we report on selected
of 6 choices. When # = 0, the BTTDA model
corresponds to the PARAFACDA decoder. 6 = 0.1
yielded the highest BTTDA+LDA ROC-AUC. § =1
resulted in the highest overall HODA+LDA (b = 1)
performance. At # = 1, no blocks other than the
initial block can be modeled, since # = 1 by definition
explains all data in the dataset and further forward
modeling fails.

At b = 1, corresponding to the HODA model,
sparse models with § = 0 (avg. ROC-AUC 83.16%)
and 0 = 0.1 (avg. ROC-AUC 83.05%) are substan-
tially lower than the optimal performance at § = 1.0
(avg. ROC-AUC 85.40). Moving from the HODA
model (b = 1) to the BTTDA and PARAFACDA

T T T T T
i ,;uﬂ:!'.:o'lﬂ— 000 |- i
)
wn
2 0.97| :
- —e—6=0.0 ||
—m—0=0.1
| —e—0=1.0 ||
\ \ : : 0.95 [t \ \ L
0 5 10 15 0 5 10 15
b b

Figure 6: Cross-validated BTTDA+LDA ROC-AUC (left) and
BTTDA normalized mean squared error (NMSE) (right) for
dataset BNCI2014-008 as a function of the number of blocks b
and the hyperparameter § which controls the block dimensions.
More effective class separation occurs as b increases while
normalized mean squared error (NMSE) decreases. Eventually,
overfitting occurs and class separation performance drops or
plateaus depending on the effectiveness of feature selection as
shown here.

model allows the extraction of more blocks (b > 1).
With this relaxation, PARAFACDA and BTTDA
(0 = 0.1) exceed HODA the at b = 3 (avg. ROC-AUC
85.74% and 85.71% respectively), while maintaining
lower reduced dimensions than the (high) optimal di-
mensions for HODA (0 = 1.0). Eventually, BTTDA
its reaches the highest overall ROC-AUC at b = 8
(avg. ROC-AUC 86.23%). In general, when only a
single block is used, a high 6 is needed. When more
blocks are used, higher 6 deteriorates performance.
Higher performance can be reached by choosing a
low 8 and b > 1, resulting in multiple blocks with
low dimensions.

Additionally, fig. [6] (right) shows the effec-
tiveness of the forward modeling step measured
as the cross-validated normalized mean squared
error (NMSE) when reconstructing the original
data from the truncated BTTDA decomposition
X' 252 G0 x {U®}, with NMSE is calculated
as:

(B) 2

X(n) - X" ()
SN IX ()l

NMSE decreases monotonically with b for both 8 =
0.0 and 6 = 0.1. In general, NMSE decreases faster

>

NMSE (X, X(B)) - E (24
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as 6 increases. For # = 1, reconstruction NMSE at
b = 0 is near zero (1.32 x 1073Y) since no information
is lost in the full-rank decomposition.

3.5 Interpretable decomposition

The following qualitative analysis reveals the model
interpretability provided by the forward modeling
step, by relating patterns in the reconstructed data
to expected effects visible in the neural data at hand.

All three proposed models were trained on the
combined subjects in BNCI2014-008 for ERP clas-
sification and AlexMI for MI. To allow proper visual
inspection, the ERP epochs were extended with a
pre-stimulus interval of 0.2 s for baseline correction
and the original sample rate of 256 Hz was kept.
The MI epochs were sampled at 250 Hz after time-
frequency transformation. The number of blocks in
this example was set to B = 2 and hyperparameters
0 were tuned using 5-fold stratified cross-validation
with entire-subject holdouts to determine the best
hyperparameter for cross-subject decoding (ERP:
6 = 0.3, MI: # = 0.7). Each model was retrained with
these hyperparameters on the full data combined over
all subjects. Using these models, These models then

generated reconstructed contrasts Qiglcz between
classes co and ¢y forb=1and b =2 as in

~(b) ~0) _ A®)

Comey = |:g02 _gm} x {A(b)} (25)

with co target and ¢; non-target trials for ERP, and
co right hand imagery and c¢; rest for MI. These
contrasts, together with the grand-average contrast,
are shown in fig. [7]

The grand-average ERP contrast shows an entan-
gled superposition of several different ERP compo-
nents [37]. The activation patterns of the first two
blocks disentangle this contrast in effects that can be
related to ERP literature in the context of the classic
visual P300 matrix speller task in BNCI2014-008 [38].

Block 1 exhibits positive and negative peaks in
the lateral parieto-occipital regions corresponding to
the visual cortex. The first positive peak and 2
negative peaks (P1, N1, N2) correspond to early
components reflecting the task-related visual pro-
cessing modulated by a mix of visual fixation and
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visual attention [39]. Block 2 has a more central
scalp expression, and shows 2 positive peaks (P3a,
P3b). Together with the residual positive activation
between 0.4 s and 0.6 s in block 1, these constitute
the processing of the attention-modulated detection
of rare stimuli present in the P300 matrix speller
task [40].

For motor imagery, results are displayed in the
time-frequency domain. Positive values indicate
event-related synchronization, negative values desyn-
chronization. Upon visual inspection, the grand-
average contrast shows no dominant pattern of syn-
chronization or desynchronization, possibly due to
the limited dataset size.

BTTDA decomposition extracts two distinct ef-
fects. Block 1 shows a persistent desynchronization
between 9Hz and 13Hz most prominent in the left
central area. For right-hand motor imagery, this
corresponds to expected task-specific and localized
high-p band desynchronization in the contralateral
motor cortex [41,42]. Block 2 exhibits a synchroniza-
tion between 8 and 12 Hz over the parieto-occipital
region, from 1.2 to 2.2 s. This may be interpreted
as the a band surround-ERS observed during hand
movement |43} |44} 42].

4 Discussion

4.1 Contribution

The HODA model used for BCI decoding can be
constrained by its Tucker structure. We introduced
a more flexible generalization termed BTTDA with
a block-term tensor structure. We also introduce
PARAFACDA, a special case of BTTDA expressed as
a sum of multilinear rank-1 terms. Our results show
that BTTDA consistently scores on par or signifi-
cantly higher than HODA as a supervised dimension-
ality reduction technique for BCI decoding. BTTDA
managed to outperform HODA with 2.36%pt. on
average for ERP datasets, and 2.75%pt. for MI
datasets. PARAFACDA also scored 0.31%pt. higher
than HODA in ERP datasets but was outperformed
by BTTDA overall.

BTTDA yields state-of-the-art decoding perfor-
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Figure 7: Per-block forward BTTDA model activation pattern contrasts and overall grand-average contrast for ERP dataset
BNCI2014-008 (top) and MI dataset AlexMI (bottom). Red lines indicate the slices generating the scalp plot. In the bottom
row, the white dot indicates for which channel the time-frequency spectrum was plotted. The ERP is decomposed in parieto-
occipital components (P1, N1, N2) corresponding to visual processing and fronto-central components (P3a,P3b) related to task
processing. The right-hand motor imagery (MI) ERS/D is decomposed in mostly contralateral high-y band desynchronization,

and parietal a-band synchronization.

mance for ERP datasets in the MOABB benchmark,
but fails to do so for MI datasets. While this effect
is not consistent over all ERP datasets, and the
increase is often rather low (<2%pt.), it averages out
over all datasets as a moderate increase of 0.43%pt.
We note that performances of other decoders for
these problems already achieve relatively high binary
classification performance, which does not always
leave room for improvement.

As mentioned above, results for MI were substan-
tially lower than expected. Not only does BTTDA
perform poorly, but the baseline HODA model as
well. This is unexpected since it conflicts with litera-
ture which uses HODA to effectively classify MI from
time-frequency transforms . If the issues
hampering HODA performance can be identified,
BTTDA could gain ground on the state of the art.
We believe poor MI performance in our case could
stem from the following issues. The time-frequency
decomposition and data transformations or their pa-
rameters used in this study might not be suited to
capture the relevant ERS/D information necessary
for performant classification. For fair comparison

with other MOABB decoders, the standard MOABB
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preprocessing pipeline was followed, which might
interfere with our postprocessing. In this case, MI
decoding might benefit from different preprocessing,
transformation or tensorization techniques. On the
other hand, hyperparameter selection could require
more candidates or cross-validation folds due to the
combination of K = 3 and larger data size following
to the time-frequency transformation. Solutions for
this problem can be computationally expensive.

Finally, due its the inherent forward modeling
steps, BTTDA is intrinsically an explainable model
which allows for interpretation of the signal com-
ponents modeled by the tensor blocks. While the
weights of the backward projections are hard to inter-
pret , the activation patterns and contrasts after
forward projection can reveal patterns in neural data.
Qualitative analyses showed that block activation
patterns correspond to task-related physiological pro-
cesses for both ERP and MI classification problems.
Given informed or correctly tuned hyperparameters,
this method could be used to, e.g., separate and iden-
tify neural processes based on the task-related infor-
mation in the class labels. More generally, BTTDA
can achieve an effective unmixing of signal generators



relevant to the classification problem at hand, which
might otherwise not be properly separated within
the constraints of the HODA model. A point of
care, however, arises from the deflation scheme: some
processes might already be partially explained by
previous blocks. In this case, information from a
single physiologic process might not be modeled using
only a single block. Hence, previous blocks might
need to be taken into account to properly interpret a
block activation pattern.

4.2 Modeling assumptions

We assume the main benefit of BTTDA stems from
the following two aspects. Given fixed block di-
mensions, extra BTTDA blocks with proper feature
selection can discover more discriminant information
over HODA. While no proof is given here, we show
that NMSE monotonically decreases. This suggests
that all the variation in the signal will eventually be
explained by the model while still extracting features
that are maximally discriminant. Eventually, the
number of blocks will reach a point of diminishing
validation score returns. At this point, adding extra
features to the decision classifier increases the risk of
overfitting instead of adding extra useful discrimina-
tory information. Hence, performance increases with
the number of blocks until overfitting occurs.

On the other hand, a BTTDA solution is more
parsimonious than a HODA solution can achieve due
to its block-term structure compared to HODA'’s
full Tucker structure, as illustrated by fig. [ In
other words, the same discriminative information
captured by a relatively large Tucker-structured core
tensor could be expressed more sparsely with a small
number of block-terms, while avoiding redundant
features. The PARAFAC structure employed in
PARAFACDA is even more sparse, which could be
a benefit or a drawback depending on the amount
of regularization required, or on the true underlying
structure of the data. BTTDA with a few, sparse
blocks might perform worse then a dense HODA
solution, adding extra BTTDA blocks eventually
overpasses the HODA solution as indicated by fig. [f]

The enhanced performance could also partially
stem from BTTDA’s internal model of the data
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covariance. Since HODA estimates one within-class
scatter matrix S_;w € RPxxDPr per mode during
training, its overall model of the data scatter is
determined by these per-mode scatter matrices as a
Kronecker product S_1 w ®S_2w®---®S_fg w. This
corresponds to the assumption that the EEG data is
drawn from a multilinear normal distribution [45].
Similar assumptions are made in ERP decoding
algorithms such as Spatial-Temporal Discriminant-
Analysis |46] and LCMV-beamforming with Kro-
necker covariance structure [47]. However, it is known
that EEG covariance cannot fully be expressed as
a single Kronecker product. Rather, it is more
accurately modeled as a sum of multiple Kronecker
products [48, 49]. Since BTTDA iteratively fits
HODA models to the residual error, each with its
own multilinear covariance model, it allows modeling
multiple different multilinear covariance terms, refin-
ing the internal covariance model. This way, multiple
effects with corresponding multilinear distributions
can be extracted.

Finally, the drop in performance for PARAFACDA
in MI datasets is attributed to the PARAFAC
interaction of the model’s rank-1 term structure
with the multi-class nature of the MI problems.
PARAFACDA only extracts a single feature per
block, which cannot properly separate more than 2
classes. Further blocks are not properly adapted to
take into account which classes have been separated
by earlier blocks, hence extracting more PARAFAC
blocks might not be helpful.

In summary, we conclude there is an effective
added value in iteratively extracting multiple block
terms. The flexibility of the BTTDA model is both
expressed in its ability to capture more discriminant
information with more parsimony, and in its ability
to capture effects which cannot be expressed by the
HODA model, such as the EEG covariance structure.
This makes it specifically suited to tackle classifica-
tion problems encountered in brain-computer inter-
facing.

4.3 Model selection

BTTDA trades the rigid HODA model for increased
model complexity with more hyperparameters to



tune, which expands the solution space to settings
where performance can be improved. Extracting
more blocks and tuning the hyperparameters in-
creases the time complexity of fitting BTTDA-based
models compared to HODA-based models. HODA
feature extraction can be solved with time complexity

O (|8] FIpax NK2D" ) (26)

whereas BTTDA training and model selection in-
creases this to

O (|6| F B pax NK?DX 1) (27)

with © the set of 6 candidates and F the number
of cross-validation folds for hyperparameter tuning.
Appendix [A] shows complexity derivation. Overall,
the BTTDA approach shifts the focus of tensor dis-
criminant analysis from finding optimal projections
to model selection driven by computation.

The proposed 6-controlled selection procedure
efficiently reduces the computational demand
compared to  tuning all  hyperparameters

B

{ (Rgb), (Qb), ey Rg)) } . On the other hand,
it also limits the choselﬁ dimensions of each block
to lie within a subset of all possible configurations.
In a sense, this goes against the earlier proposition
of increased model flexibility. Instances could occur
where BTTDA offers little to no added value over
the Tucker-structured HODA when both are given
totally free choice of dimensions, but cases where
BTTDA could achieve greater performance could
equally be found. Finding these optimal-dimension
configurations, can currently only be achieved
through a costly, cross-validated hyperparameter
search jointly over the dimensions of each block.
Applications such as light-weight or mobile brain-
computer interfaces should carefully weight potential
performance gains against this computational
demand.  Future efforts should focus on more
advanced automated hyperparameter selection
methods relying on sparsity criteria, eigenvalue
truncation or information criteria such as the ones
used in BTTR |[26], or other statistical measures
depending on the application of the model.

Finally, we note that our proposed model selec-
tion procedure does not guarantee grouping coherent
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projections within the same block according to some
desirable metrics. Features across blocks are heavily
correlated, leading to a high degree of multicollinear-
ity. Currently, this is corrected post-hoc by applying
whitening and PCA. Solutions imposing some sense
of subspace orthogonality between the extracted
blocks could lead to a more effective feature extrac-
tion solution. Sparsity, pattern interpretability, min-
imal or maximal within-block feature correlation and
ordering of blocks by decreasing discriminability are
all examples of useful within-block grouping criteria.
As future work, The impact of higher-order tensors
(K > 3) should be thoroughly investigated, since
this could have a large impact on model behav-
ior. We expect a dimensionality limit beyond which
the forward modeling step cannot accurately regress
from the low-dimensional latent tensors to the high-
dimensional original tensors, introducing error in the
input data for the next block which can stack up
over blocks. The forward multilinear least squares
problem is underdetermined hence prone to numeri-
cal instability, which calls for a suited regularization
approach. Finally, other tensorization methods of
the EEG data should be explored, such as time-
lagged Hankel tensors |50] or tensors across subjects,
conditions or sliding windows if they are appropriate
given the available prior knowledge of the dataset.

5 Conclusion

We have introduced Block-Term Tensor Discriminant
Analysis (BTTDA), a novel, tensor-based, super-
vised dimensionality reduction technique optimized
for class discriminability, which adheres to the block-
term tensor structure. BTTDA is a generalization
of Higher Order Discriminant Analysis (HODA) and
can also be applied as a special sum-of-rank-one
tensors PARAFACDA model. The model is obtained
by iteratively fitting HODA in a deflation scheme,
leveraging a novel forward modeling step.

Via accompanying model selection hyperparame-
ters, BCI decoders using BTTDA feature extrac-
tion can significantly outperform decoders based on
HODA exceed state-of-the-art decoding performance
on event-related potential problems (second-order



tensors) and outperform HODA in motor imagery
problems (third-order tensors). The inherent forward
model of BTTDA also allows interpreting the dis-
criminative processes considered by the classifier.
Moving from the rigid Tucker tensor structure of
HODA to the more flexible and sparse block-term
structure shifts the focus from finding the best con-
strained multilinear projections to model and feature
selection. This approach allows performance and gen-
eralization to be traded for computational cost, which
is particularly relevant for BCI decoding problems.
Because of its general implementation and minimal
assumptions on data structure, BTTDA can equally
be applied to classification for other neuroimaging
modalities (MEG, ECoG, fNIRS, fMRI, EMG, etc.),
or to tensor classification problems in other domains.

Code availability

The source code of the proposed BTTDA algorithm
and the analyses performed in this work are available
at https://github.com/arnevdk/bttda.

Additional data and materials

1. Full ERP decoding cross-validation results
file: erp_results.csv
format: comma-separated values file

Full MI decoding cross-validation results
file: mi_results.csv
format: comma-separated values file

Full results of analysis in function of the
number of blocks and block dimension
file: block_theta_results.csv

format: comma-separated values file
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A Time complexity of HODA
and BTTDA

A.1 Backward HODA algorithm

To obtain time complexity of the HODA backward
model algorithm, we start by determining the number
of operations within a single inner loop for given
i and k. Since we are interested in worst-case
complexity, assume all input dimensions Dy, are equal
to maxy(Dy) = D and all reduced dimensions Ry
take their maximum value Ry = Dy = D.
The multi-mode products X(n) x_ {U} require

(K —1)[DD (NDX"1)] = N (K — 1) DX+ (28)

operations. Calculating class means and centering
the data requires

C (DD¥~' 4+ D+ DD*™")
= NDX + D+ ND¥K
=9NDX + D

(29)

From this, the number of operations for the within-
subject scatter matrix S_j,

D(ND¥~1)D = NDX*! (30)
and the between-class scatter matrix S_j
C (D1D) + CD? = 2CD? (31)

can be obtained. wr can be calculated as
Tr (UiS_thk)/Tr (UZS—k‘WUk‘) in
(DDD+ DDD + D)+ (DDD +DDD + D) + 1
=2(2D°D) +1=4D*+2D +1
(32)

operations. The difference of the scatter matrices
S_kw—®—S_kp then yields

D? + D* + D? =3D? (33)
operations, and its eigendecomposition
D? (34)

Finally, the projection for orthogonalization

VkV};SkythV;; adds
DDD+ DDD +DDD + DDD =4D*  (35)

and its eigendecomposition

D? (36)

Together, this forms

N(K — 1)DX*! 4+ 2ND¥ + D +20D? + 4D3

+2D+1+3D%+ D* +4D° + D? (37)

= NKDE+!l _ NDE+ L oNDX 4 10D3
+(3+20)D*+3D +1

From the number of operations, the time complexity
can be derived as

O [NKDX*!' — NDX*' 4 2ND* +10D?
+(3+2C)D* + 3D + 1]
= O (NKDX)

(38)

assuming C' < N. The procedure in the inner loop
over k and the outer loop over i is executed I, K
times, yielding

O (Imax KNKD® 1) = O (Lyax K> ND®F1) (39)

A.2 Forward HODA algorithm

Similar to the previous derivation, we start by deter-
mining the operations within a single iteration of a
nested over the ¢ and k.

The first step is again a multi-mode product,
G(n) x_, {A}:

(K —1) [DD (NDX~1)] = N (K — 1) DX+ (40)

The second step requires least squares regression
which can be solved in

D(ND¥"YYD+D(ND*")D+D? (1)
=2NDEF 4 D3

operations.
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Together, this forms

N(K —1)D¥*! 4 oNDE+ 4 D?

42
= NKDK+1 _ NDEF! L oN DK+ 4 D3 (42)
The time complexity to fit one iteration of the algo-
rithm for the forward model is then

O (NKD¥*' — NDF*' 4 2ND**! 4 D?)

43
= O (NKD"*) “3)
and, when integrating it in the inner and outer loops
over ¢ and k,

O (ImaxKNKDK+1) = O (ImaxNK2DK+1) (44)

This is the same asymptotic time complexity as the
backwards modeling algorithm, since they are both
dominated by the multi-mode product.

A.3 Backward BTTDA algorithm

Fitting the BTTDA model involves a loop over blocks
b. At each iteration, a backward model is fit with
complexity as in eq. The core tensors G (n)
are extracted with the multi-mode product using
K [DD (ND¥~')] = KND**! (45)

operations

Next, the forward model is fit on these core tensors,
with complexity as in eq. . The number of
steps for the reconstructed tensors can similarly be
obtained using eq. , and calculating the residual
requires

NDE (46)

operations.
A single block b can thus be fit with complexity

O (Inax NK2DE+! 4 KNDEH

+nax NK2DE T + KNDRF! + ND) - (47)
= O (Inmax NK?D® 1)
The complexity when calculating all blocks is
O (BLiax NK2DXH1) (48)
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A.4 Hyperparameter tuning

Finally, proper decoding training relies heavily on
tuning the hyperparameters § and B through cross-
validation. Let F' be the number of cross-validation
folds and © a set of # candidates. We can take
advantage of the fact that the BTTDA model can be
fit on a fixed amount of blocks B, but intermediary
blocks 1,2,--- B can easily be extracted. This way,
no second iteration over candidates for B is necessary
and complexity can be kept at

O (|8| FBILyax NK2D* 1) (49)



B Datasets

Dataset # Sub. # Chan. # Trials/class IEII:.O?:) S(Igrze)q # Sess.  Ref.
ERP datasets

BNCI2014-008 8 8 3500/700 1.0 256 1
BNCI2014-009 10 16 1440/288 0.8 256 3
BNCI2015-003 10 8 1500/300 0.8 256 1
BrainInvaders2012 25 16 640,/128 1.0 128 2
BrainInvaders2013a 24 16 3200/640 1.0 512 8 (sub. 1-7) or 1
BrainInvaders2014a 64 16 990/198 1.0 512 up to 3
BrainInvaders2014b 38 32 200/40 1.0 512 3
BrainInvaders2015a 43 32 4131/825 1.0 512 3
BrainInvaders2015b 44 32 2160/480 1.0 512 1
Cattan2019-VR 21 16 600,/120 1.0 512 2
EPFLP300 8 32 2753/551 1.0 2048 4
Huebner2017 13 31 364/112 0.9 1000 3
Huebner2018 12 31 364/112 0.9 1000 3
Lee2019-ERP 54 62 6900,/1380 1.0 1000 2
Sosulski2019 13 31 7500/1500 1.2 1000 1
MI datasets

AlexandreMotorImagery 8 16 20.0 3.0 512 1
BNCI2014-001 9 22 144.0 4.0 250 2
Schirrmeister2017 14 128 120.0 4.0 500 1
Weibo2014 10 60 80.0 4.0 200 1
Zhou2016 4 14 160.0 5.0 250 3

Table B1: MOABB datasets used for evaluation, with the number of subjects (# Sub.), the number of EEG channels (# Chan.),
the number of trials or trials per class for ERP datasets (# Trials), the epoch length (Epoch len.), the sampling frequency (S.
freq.), the number of sessions per subject (# Sess.) and the number of runs (# Runs). ERP datasets contain 2 classes, for
MI datasets the first 3 classes were retained. ERP dataset Sosulski2019 was omitted due to technical problems. MI dataset
PhysionetMI was omitted due to its high computational and storage demands. Adapted from and .

25



C Pairwise statistics

Decoder 1 BTTDA PARAFACDA
Decoder 2 HODA PARAFACDA HODA

p SMD p SMD p SMD
BNCI2014-008 3.91 x 10—3 1.57 1.95x 102 090 7.81x1073 1.31
BNCI2014-009 5.86 x 103 094 1.76 x 10~2 0.80  5.47 x 10~2 0.58
BNCI2015-003 2.93 x 10~3 1.31 7.81x 1073 0.96 6.84x 1073 1.11

BrainInvaders2012 6.14 x 10~6 1.74 1.98 x 102 0.49 7.85 x 10~ 1.45
BrainInvaders2013a, 3.28 x 10~ 1.05 8.00 x 10~2 0.22 1.51 x 10—° 0.98
BrainInvaders2014a  2.56 x 10~ 11 1.18 2.81 x 103 0.40 5.71 x 10—11 1.14
BrainInvaders2014b 3.02 x 10~¢ 0.62 1.34x 101 0.15 3.02 x 10~¢ 0.59
BrainInvaders2015a  1.59 x 10~12 1.17  3.22x 1077 0.84 8.62x 1010 1.00
BrainInvaders2015b  2.11 x 10—11 1.33  4.37 x 102 0.27 6.47 x 10~10 1.19

Cattan2019-VR 6.68 x 10~6 1.28 3.97x 1071 0.21 2.38 x 10~ 1.38
EPFLP300 3.91 x 103 1.72  3.52 x 102 0.81 3.91 x 10~3 1.36
Huebner2017 3.66 x 10~¢ 0.62 1.37x 101! 0.32 4.88 x 104 0.61
Huebner2018 1.22 x 103 1.15 3.91x 1073 0.88 3.17x 1073 1.10
Lee2019-ERP 8.13 x 10~ 11 1.06 3.30 x 10—3 0.38 1.08 x 10~10 1.02

Table C2: Results of one-sided Wilcoxon rank-sum tests comparing the per-subject cross-validated classification scores of the
evaluated ERP decoders. Significance is reported as p, the effect size as the standardized mean difference (SMD).

Decoder 1 BTTDA PARAFACDA
Decoder 2 HODA PARAFACDA HODA

p SMD p SMD p SMD
BNCI2014-008 3.91 x 10—3 1.57 1.95x 102 0.90 7.81 x 1073 1.31
BNCI2014-009 5.86 x 103 094 1.76 x 1072 0.80  5.47 x 102 0.58
BNCI2015-003 2.93 x 10~3 1.31 7.81x 1073 0.96 6.84x 1073 1.11

BrainInvaders2012 6.14 x 10—6 1.74 1.98 x 102 0.49 7.85 x 10~ 1.45
Brainlnvaders2013a  3.28 x 106 1.05 8.00 x 10~2 0.22 1.51 x 10—° 0.98
BrainInvaders2014a  2.56 x 10~ 11 1.18 2.81 x 103 0.40 5.71 x 10~11 1.14
BrainInvaders2014b 3.02 x 10~¢ 0.62 1.34x 101 0.15 3.02 x 10~¢ 0.59
BrainInvaders2015a  1.59 x 10~12 1.17  3.22x 1077 0.84 8.62x 1010 1.00
BrainInvaders2015b  2.11 x 10—11 1.33  4.37 x 102 0.27 6.47 x 10~10 1.19

Cattan2019-VR 6.68 x 10~6 1.28 3.97x 1071 0.21 2.38 x 10~ 1.38
EPFLP300 3.91 x 10—3 1.72  3.52 x 102 0.81 3.91 x 10~3 1.36
Huebner2017 3.66 x 10~4 0.62 1.37x 101! 0.32 4.88 x 104 0.61
Huebner2018 1.22 x 103 1.15  3.91x 103 0.88 3.17x 1073 1.10
Lee2019-ERP 8.13 x 10~ 11 1.06 3.30 x 10~3 0.38 1.08 x 10~10 1.02

Table C3: Results of one-sided Wilcoxon rank-sum tests comparing the per-subject cross-validated classification scores of the
evaluated MI decoders. Significance is reported as p, the effect size as the standardized mean difference (SMD).
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